ABSTRACT. We determine the structure of the set of the solutions u of -(\ux\p-2ux)x + f(u) = A|u|P~2u on (0,1) such that u(0) = u(l) = 0, where p > 1 and A e R. We prove that the solutions with k zeros are unique when 1 < p < 2 but may not be so when p > 2.
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0. Introduction. In this article we study the structure of the set E\ of the solutions of the following nonlinear eigenvalue problem As A! is defined as the best Poincare constant in Wr/o1'p(0,1), that is, (0.7) Inf jy \vx\pdx:vEWo1'p(0,l),f \v\pdx = l\ , it is clear that E\ is reduced to the zero function when A < Xy. When 1 < p < 2 we prove that the configuration of E\ is exactly the same as in the case p = 2 [1] , that is, (0.8) Ex = {0,±ui,l=l,...,k:uiES+}.
When p > 2 the structure of Ex can be quite a bit more complicated for large values of A. Let h be the inverse function of g and F(r) = /J f(s) ds; we define (0.9) a(X) = (^W(A) -^P(MA))) and fhix) ds 
Moreover the following holds for m = 0,..., k -1:
Before giving the proof it must be noticed that this result is partially contained in [5] , in particular formula (1.4 will be given in Remark 1.1).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use From (1.6) the function v is decreasing on some interval [0x,Q), so we get
and this formula remains valid as long as v is decreasing, in particular as long as v is positive. If xy E (0,6x) and x2 = 2$x -xy then [7] and Guedda-Veron for general fl with a connected C2 boundary [4] .
As for the regularity of v we have
) and (r) = +00 if r € 2N* or (r) = min{n: n E N*, n > r} if not. REMARK 1.2. We have the following Poincare type relation
and the infimum is achieved for u = vy.
2. The bifurcation phenomena.
In this section we consider the following equation
where p > 1 and A E R. As for / we first assume that
3) s h-> f(s)/sp~1 is strictly increasing on (0, +00) with limit 0 at 0,
We then define (2.5) h is the inverse function of the restriction of f(s)/sp~1 to (0, +00),
where F(s) = J^ f(t) dt. For A > 0 we shall also consider the following hypothesis:
Let Ex be the set of all the solutions of (2.1) in W01,p(0,1) and Afc be defined by (1.3). When 1 < p < 2 the structure of Ex is exactly the same as in the case p = 2.
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REMARK 2.1. The assumption (2.7), which is equivalent to the fact that s i-» Hp~1(s)/H'p(s) is nondecreasing on [0, h(X)], is essential for uniqueness but not for existence. In the particular case where f(r) = |r|9-1r with q > p -1 then h(X) = AVte+i-p), H(s) = Xsp -psq+l/(q + 1) and (2.7) is satisfied.
PROOF OF THEOREM 2.1. As in Theorem 1.1 it is clear that any solution of (2.1) in W7q'p(0,1) is continuous and at least C2 (remember that 1 < p < 2). Multiplying the equation by u yields
From Remark 1.2 a nonzero solution of (2.1) can exist only if A > Ai, which will be assumed in the sequel.
Step 1. If u is a nonzero solution of (2.1) then ux(0) ^ 0. Although it is a consequence of a general result due to Franchi, Lanconelli and Serrin, we give here a direct proof which also works when p > 2. Multiplying (2.1) by ux yields the energy relation As the function x -> pF(x) -A|x|p is negative on (-p,p)\{0}: ux is always 0 and u = 0.
Step 2. The explicit construction. Without any loss of generality we assume ux(0) = a > 0. Hence u is increasing on some interval [0, xo] and from (2.10) we get In that case the function r h-> J"r ds/(^(a, s))1^ is an increasing C2 diffeomorphism from R+ onto R+ and it is the same with u defined by (2.13) which cannot belong to ExCase 2. ap = ap(X).
In that case h(X) is a double zero for V(a, •), and as 1 < p < 2 rh(X) / ds/(y(a,s))1/p = +oo.
Jo
As in Case 1 the function r i-► /Qr ds/(9(a, s))1^ is a C2 diffeomorphism from [0, h(X)) onto R+ and u cannot belong to ExCase 3. ap < qp(A).
In that case $(a, ■) admits a simple zero S(a) in (0, h(X)). As (d^/dr)(a, 5(a)) 0, n-» ($(a,r))_1/p is integrable on (0,5(a)) and we define rS{a) ds Elx is diffeomorphic to [0, l]i_1 ifO < 2px(X) < l.1
PROOF. The idea is essentially the same as in Theorem 2.1 except that in Step 2, Case 2 (that is, if ap = ap(A)) gives rise to solutions of (2.1) with maximum value h(X), and in that case Serrin and Veron's existence and uniqueness result does not apply; moreover the value u = h(X) is a bifurcation value for (2.1).
Step 1 Step 2 From the above construction the total length of the Ij is 1 -2/x(A) and the set Elx of the ui is diffeomorphic to the (/ -l)-dimensional cube. PROOF. It is clear that for any function /0 g(u(x)) dx is equal to /0 g(-u(x)) dx. When p > 2 we have only to consider two solutions of Ex with the same number of zeros and belonging to some Elx, I > 2, in the case 2/x(A) < 1. In that case ui and u2 take the value ±h(X) on / intervals Ij and lj, j = 1,...,/, which are disconnected and have the same total length which gives (2.44) / g(uy(x))dx= [ g(u2(x))dx = (1-2lx(X))g(h(X)).
On (0,l)\{\Jj Ij} or (0,l)\{(jj I2} uy and u2 are defined by the same types of formula ((2.32) or (2.30)) and the integral of g(ui) over these sets is MX) 21 l g(uy(x))dx.
Hence, for i = 1,2, we get rl fx(X) (2.45) / g(Ui(x))dx = (l-2lx(X))g(h(X)) + 2l / g(Ui(x))dx Jo Jo which proves (i).
For proving (ii) we shall assume either l<p<2orp>2 but uy and u2 are not constant on any subinterval of (0,1) (the other case is essentially the same). If uy and u2 do not have the same number of zeros in (0,1) we can assume uyx(0) = a, u2x(0) = /?, 0 < a < /?; uy is 40(a)-periodic, u2 is 40(/?)-periodic and 0 < 0(a) < 0(i3). Moreover 2j(a)=^ 20W)=k2' fcl<*2eN*'fcl>fc2-
Step 1. For 0 < x < 0(a) we have 0 < Uy(x) < u2(x). On a right neighbourhood of 0 we have uy < u2, and Uy and u2 are increasing on [0,0(a)]. If we assume the existence of some xo E [0,0(a)] such that ui(xo) = U2(xo), we can always suppose that ui < u2 in (0, xo) and then uix(xo) > U2X(xo). The energy relation implies aP + ^-1F(uy(xo))-~1UP(x0) (2-47) >0P + -P-F(u2(xo)) -^-j-up(x0) and a> P which is impossible.
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